The potential energy landscape of a monolayer adsorbed on well-ordered ͑111͒ surface is analyzed for periodic cells with a variable number of adsorbate ͑N ads ͒ and substrate ͑N sub ͒ particles. The atom-surface potential is described by the first Fourier series term with variable corrugation, while the lateral interaction in the monolayer is modeled by a repulsive exponential term. Special attention is devoted to the determination of the total number of minima for given N ads and N sub and the probability of relaxation to the global minimum in each of the unit cells, as well as the construction of the lowest energy versus coverage curve as a function of the atom-surface potential corrugation. We find that the global appearance of the energy landscape in the majority of the unit cells is particularly simple, characterized by the global minimum positioned in a very wide basin and the high-energy minima forming a tail structure. However, this rule is broken for several unit cells when the corrugation of the atom-surface potential becomes large, making the location of the global minimum a rather difficult task. Despite the simplicity of our model, phase transitions from commensurate to striped incommensurate to hexagonal incommensurate rotated structures are observed.
I. INTRODUCTION
The potential energy landscapes of different systems, such as clusters, biomolecules, and glasses, have attracted much attention over the last few years. [1] [2] [3] [4] [5] [6] The availability of high quality interaction potentials makes possible the detailed analysis of minima and saddle points in order to gain valuable insight into the kinetics and dynamics of these systems. On the other hand, adsorbates on well-ordered surfaces represent a system where the interaction potentials are available in very few cases, mainly for rare gases adsorbed on metal surfaces. [7] [8] [9] For many chemisorption systems, not even a phenomenological picture of interactions is available yet.
Due to this lack of knowledge regarding the forces present in adsorbate-substrate systems, many different "toy" models have been proposed and extensively studied so far. One of the most well-known and studied ones is the FrenkelKontorova model, 10 where the interaction between adjacent atoms is modeled by springs. Once the correct force constant for a given system is known, the Frenkel-Kontorova model can be successfully used for simulation of the ground state of the monolayer-surface system. This model has been employed for simulation of reconstruction of the Ni͑100͒ surface, 11 Cu atoms adsorbed on the Ru͑1000͒ surface, 12 and herringbone reconstruction of Au͑111͒, 13 just to mention a few previous works. Another kind of studies includes those which use the Lennard-Jones potential for the description of monolayer-surface interactions and which have been frequently employed in the study of the ground state of monolayers on the ͑100͒ surface. [14] [15] [16] Monolayers formed at well-ordered surfaces show a wide variety of ordered structures: simple commensurate, uniaxially compressed, and complex incommensurate with domain walls among others. 7, 17, 18 Even when analytic expressions for the interactions of a monolayer-surface system are known, i.e., for Xe-Pt͑111͒, 19, 20 the determination of the global minimum is still a formidable task. 21 That is, although molecular dynamics could be employed with a large system size to determine the most probable minimum of an adsorbatesubstrate system, 22 this approach suffers from the finite-size effect and requires an initial guess, making the search process biased. Furthermore, the adsorbate-substrate system is usually described by a fixed finite unit cell under periodic boundary conditions, where the ground state and phase transitions are obtained with the change in model parameters. However, this approach is rather inadequate whenever precise characterization of stable structures is desired. For instance, it would require a very large unit-cell size to distinguish between high-order commensurate and incommensurate structures, thus making a detailed study of the potential energy surface in this unit cell computationally prohibitive. An unbiased search method for the global minimum and commensurate-incommensurate phase transitions of an adsorbate-substrate system should be able to obtain the global minimum in a series of unit cells with variable coverage.
In comparison with true three-dimensional ͑3D͒ systems, such as clusters and biomolecules, the investigation of the potential energy surfaces ͑PES͒ of monolayer-surface systems possesses several advantages. Specific cells with different N ads and N sub and defined coverage 1, ,... can be generated, where the global minimum is known a priori and consists of every particle positioned on the equivalent most stable site. This fact can be used to obtain necessary heuristics about the PES of cells with given N ads . In the case of 3D systems, one can never be sure when the global minimum has been reached, thus requiring complex heuristics and detailed knowledge of the PES to propose and "prove" that a certain minimum is the global one. Another advantage is that the atom-surface potential of the monolayer-surface system can be systematically varied and trends can be obtained for different terms of the corresponding Fourier expansion. Furthermore, the restricted two-dimensional symmetry of the monolayer should reduce the number of minima from what is expected in 3D for an equivalent number of particles.
In the present work, the potential energy landscape of a model monolayer-surface system is analyzed in detail. The atom-surface potential is described by the first Fourier series term with variable corrugation, while the lateral interaction in the monolayer is modeled by a repulsive exponential term. The focus is on the determination of the total number of minima and the probability of relaxation to the global minimum for a series of unit cells of the ͑111͒ surface. It is shown that even when the number of minima of a given unit cell is very large, the global minimum can be found with an unbiased search starting from random configurations of monolayer particles. Furthermore, we obtain the global minimum of an extensive sample of unit cells for the coverage interval 0.33ഛ ഛ 0.5. This allows us to propose the most probable minimum structures of our model system and a possible sequence of phase transitions between them.
II. THE MODEL AND SYSTEMS
It is well known that when the corrugation of the surface potential is negligible, the ground state of the monolayer is trivial, adopting a perfect hexagonal arrangement with a spacing given by the minimum of the lateral interaction potential. When either the surface corrugation or the ͑repulsive͒ lateral interaction is strong, hexagonal ͑in͒commensurate monolayer-surface structures emerge. 23, 24 Therefore, it is reasonable to assume that the lowest-energy structures for a given coverage are located in cells where the formation of perfect hexagonal monolayers is possible.
A primitive cell of the ͑111͒ surface with atomic radius The atom-surface potential is represented by the first term of the Fourier series, 9, 27 V͑x,y͒
͑1͒
where
, l = 2 is the surface lattice constant, and V G 0 is the first Fourier coefficient. The variation is allowed from V G 0 = −1.111 to V G 0 = −3.888, corresponding to the potential corrugation from 10 to 35 arbitrary energy units. The lateral interaction between the monolayer atoms is modeled by a simple exponential term C exp͑−Dx͒ ͑Ref. 28͒. Although, it is a simplification when compared to real systems, such model has been used successfully for the description of iodine adsorbed on the Pt͑111͒ surface. 28 Furthermore, the use of such simple expression allows us to decompose the total interaction potential into attractive ͑adsorbate-substrate͒ and repulsive ͑adsorbate-adsorbate͒ parts. This model should be able to represent real systems for a small variation in coverage, as the C and D parameters can be tuned to represent any force constant for a given interatomic distance. The parameters for the lateral interaction are taken to be C =8ϫ 10 5 and D = 4. These particular values have been chosen to simulate strong repulsion in the monolayer. The cutoff for calculation of the lateral interaction is set to 20 ͑in surface lattice constant units͒. For each cell, this has been accomplished by changing the number of adjacent cells taken into account for the calculation of the lateral interaction.
The main goals of our study are as follows.
͑1͒ Analysis of the potential energy landscape in cells with = 1 3 . The lowest-energy structure in these cells regardless of N ads and N sub is the ͑ ͱ 3 ϫ ͱ 3͒R30°one with one atom per primitive unit cell. This analysis will allow a precise determination of the probability of relaxation to the global minimum as a function of N ads .
͑2͒ Enumeration of the total number of minima and deduction of the probability of relaxation to the global minimum as a function of the atom-surface potential corrugation ͑V G 0 ͒ and coverage ͑change of N sub for a fixed N ads ͒.
͑3͒ Determination of the lowest energy vs coverage curve as a function of the atom-surface potential corrugation and identification of phase transitions ͑i.e., commensurate to incommensurate͒.
To fulfill these objectives, we perform an excessively large number of conjugate-gradients local optimizations in each C N ads N sub cell as needed. The positions of N ads adsorbate particles are initialized randomly before each conjugategradient optimization. For each part of our study, a specific strategy is used to ensure that a sufficient number of optimizations have been performed before drawing conclusions. The algorithm for choosing this specific strategy will be explicitly stated in the next section.
Although several robust algorithms are available for global optimization such as basin hopping, 29 genetic algorithms, 30,31 simulated annealing, 32 and others, the main interest of this work is the characterization of the potential energy surface minima of an adsorbate-substrate system. Due to the fact that little is known about the topography and topology of these systems, such "brute force" approach seems to be justified. Moreover, it will be shown that although the total number of minima for a given C N ads N sub cell can be large, the probability of finding the global minimum is frequently quite large as well. This fact provides further support to the brute force approach adopted in this work.
III. RESULTS
Due to the effect of the atom-surface holding potential, the global minimum of a cell with = We have chosen ten different unit cells, from C to determine the total number of minima in these cells. The algorithm we used is as follows: ͑1͒ Perform 10 000 optimizations and identify different minima.
33 ͑2͒ Perform additional 10 000 optimizations and, if no other local minimum has been found, stop; otherwise go to step ͑1͒. It is worth mentioning that the above algorithm required around 5 ϫ 10 5 steps to find all minima in the C 21 63 cell due to the well-known exponential growth in the number of minima with the increase in the number of simulated particles. 29, 34, 35 This is illustrated in the inset of Fig. 1 . We have identified 803 distinct minima in the C 21 63 cell; however, the probability of finding the global minimum for this cell starting from a random configuration is around 29%. Therefore, it seems that the global minimum is well defined and located in a very broad basin of the potential energy surface. The densities of minima curves are shown in Fig. 2 for C Another interesting question is how the total number of minima and the probability of reaching the global minimum are affected by the corrugation of the atom-surface potential. To answer this question, we changed V G 0 from −1.111 to −3.888 and repeated the simulations in cells with = , it increased from 40 to 1044. However, the probability of reaching the global minimum is only slightly affected: it decreases from 37% to 31%. In the case of a larger C 21 63 cell, the global minimum is found in 29% of the runs for V G 0 = −1.111, 24% for V G 0 = −1.666, and 14% for V G 0 = −3.888. These results indicate that even while the total number of minima may be very large for a given unit cell, the global minimum can be easily found by simple unbiased search starting from random configurations.
In order to investigate the effect of the repulsion gradient on the potential energy landscape of our model system, we have studied the total number of minima when N ads is kept constant and N sub is changed. An illustrative example is the case of the C 21 49 cell in comparison to the previously studied C 21 63 one. The total number of minima in the latter is 803 for V G 0 = −1.111, while for the former it is only 33. The reduction in the number of minima is dramatic due to the increased repulsion between the atoms in the monolayer. When the repulsion is increased, the monolayer atoms become more restricted in their movement, explaining the reduced number of minima. On the contrary, the increase of V G 0 allows the adsorbate atoms to relax into more favorable sites, thus increasing the possibility of formation of new minimum structures. However, the effect of both changes on the probability of reaching the global minimum seems to be small. This fact will be used below for constructing the lowest energy versus coverage curve and for investigating the structures and phase transitions of our model system. So far, we have analyzed the minima in cells with = 1 3 and identified simple rules to determine the rate of relaxation Step ͑1͒ is repeated until the lowestlying minimum has been found at least five times. Although this procedure is not guaranteed to find the global minimum, it has done so for all cells with = 1 3 . We have also randomly selected ten cells with 1 3 and doubled the number of runs from the procedure described above. In all cases, the lowestlying minimum did not change. Therefore, I believe that the probability of finding the global minimum with this procedure is quite high. For V G 0 = −1.111 and V G 0 = −1.666, the global minimum has been found in almost all cells within 1000 runs; in some of them, it required 2000 runs to obtain the lowest-lying minimum five times. However, this situation changed for V G 0 = −3.888. The global minimum in the vast majority of cells has been found within 1000 optimizations; however several ͑6͒ cells showed difficulty in finding the global minimum and required more than 10 000 iterations. For at least three cell ͑C 112 ͒, we have not been able to find the lowest-lying minimum five times even after 50 000 runs. In Fig. 3 , the minima density plot for C 37 112 is depicted for V G 0 = −3.888. The structures with the highest reaching probability are those in the middle of the plot; however, no particular structure is favored in striking difference with cells of = and C 25 73 cells, whose density of minima is shown in Fig. 4 . The coverage of both cells is almost identical, differing only in two substrate particles. However, it can be seen that while the C 25 75 possesses a familiar structure of minima ͑well-defined global minimum and high-energy minima forming a tail structure͒, the C 25 73 cell possesses many candidates with similar reaching probability ͑and very small compared to the C 25 75 case͒. It would be interesting to find the reason for such drastic change for apparently similar cells. One should note that even if no warranty exists that the global minimum has been found in the C 25 73 cell, the relatively high density of minima indicates that the lowest-lying minimum should be close enough to the global one after a sufficiently large number of runs.
Finally, we proceed to calculate the global minimum energy versus coverage curve for different corrugations of the atom-surface potential, encouraged by the fact that the global minimum can be easily obtained in most cells for 3 ഛ N ads ഛ 43 and 0.33ഛ ഛ 0.5. We follow the same algorithm as employed in the previous paragraph. The minimum energy curve is depicted in Fig. 5 using V G 0 = −1.111 for 0.33ഛ ഛ 0.44. As expected, on a large scale the energy is getting higher with an increase in coverage. However, many local minima can be distinguished for the simulated coverage range. The first minimum on the left side ͑global minimum͒ is the simple commensurate ͑ ͱ 3 ϫ ͱ 3͒R30°structure. The ball models for some intermediate minima are shown in Fig.   FIG. 3 . Density of minima plot for C differences between stable arrangements for different corrugations of the atom-surface potential, the same kind of phase transitions could be observed for any value of V G 0 : from commensurate ͑ ͱ 3 ϫ ͱ 3͒R30°to SI to HIR.
For the sake of completeness, we have also studied the effect of the higher-order atom-surface Fourier terms on the potential energy minima. We set V ͱ 3G 0 = −0.1V G 0 with V G 0 = −0.111 and obtain the global minimum energy versus coverage curve similar to the one depicted in Fig. 5 . The appearance of the curve is similar; however, the commensurate ͑ ͱ 7 ϫ ͱ 7͒R19.1°and ͑ ͱ 19ϫ ͱ 19͒R23.4°structures become the most stable for = 
IV. CONCLUDING DISCUSSION
A comprehensive ͑and somewhat exhaustive͒ analysis of the potential energy surface minima has been performed for a model monolayer-surface system. A large set of cells has been generated, where enumeration of local minima and the rate of relaxation to the global minimum has been obtained for a variety of interaction potential models. The energy landscape in those cells seems to have a particularly simple structure with the global minimum located in a wide basin and the majority of high-lying minima forming a characteristic tail structure. Despite the simplicity of the interactions used in this work, particularly the exponential repulsion for the interaction between the monolayer atoms, a sequence of C → SI→ HIR structures has been observed, resembling raregas atoms adsorbed on metal surfaces. 37, 38 This fact is surprising and deserves a more thorough investigation. One possible explanation is that the qualitative nature of monolayersurface structures is largely determined by the atom-surface attraction and the repulsive part of the lateral interaction potential, as has been proposed for bulk systems. 39 Several interesting questions have arisen as a result of the present study.
͑1͒
The striking difference in the potential energy landscape of similar unit cells, i.e., C ͑2͒ The definition of "incommensurability" in a finitesize model. That is, significant differences in the global minimum energy vs coverage plot for smaller and larger sets of unit cells make one wonder what maximum N ads , after which the energy of incommensurate structures converges, is sufficient.
͑3͒ 
